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A human adult has about 140-170 ml of  CSF (30 
ml are in the ventricles, 70-80 ml in the cerebral 
SAS, and about 50 ml in the spinal SAS). 

CSF is a newtonian fluid, and its viscosity and
density are very similar to those of water.

The cerebrospinal fluid (CSF)
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FIGURE 1. (Colour online) Schematic view of the spinal canal, with indication of the
curvilinear coordinates used in the analysis and the most common injection route in ITDD
procedures; adapted from Sánchez et al. (2018).

1. Introduction
1.1. Intrathecal drug delivery

The cerebrospinal fluid (CSF) is a colourless fluid that fills the subarachnoid space
(SAS), bathing the external surfaces of the brain and the spinal cord, as shown
schematically in figure 1(b). The treatment of a number of central-nervous-system
(CNS) pathologies, including some cancers of the CNS, as well as the management
of severe chronic and post-operative pain involve in some cases the direct injection
of the medication into the CSF in the intrathecal space of the spinal canal that
surrounds the spinal cord. This procedure, used since the early 1980s (Onofrio,
Yaksh & Arnold 1981), is often referred to as intrathecal or intraspinal drug delivery
(ITDD). The standard ITDD protocol consists of placing a small catheter along the
spine in the SAS of the lumbar region to continuously pump the drug or to release
a finite dose at selected times. Sometimes ITDD is used to deliver the drug to sites
along the spinal cord close to the location of injection, while in other cases the
medication is delivered to distant target sites in the brain. While the most easily
accessed and most commonly used injection route is a puncture in the posterior
spine in the lumbar area, typically using the L3/L4 intervertebral space indicated in
figure 1(a), an alternative injection site is the cisterna magna, an opening in the SAS
located below the cerebellum. However, this latter route carries the risk of apnoea and
other serious complications and is generally only used by neurosurgeons. A rarely
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The spinal canal
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The spinal SAS, filled with CSF, is a thin annular canal of thickness h(x, s, t), perimeter
ℓ(x), and length L.

∆V

V
∼ 0.02− 0.04 ≪ 1

pc(t) = p̄+ (∆p)cΠ(ωt)

2π/ω

L ∼ 70 cm

ε ∼
∆V

V
∼

S

L
→ S ∼ εL

uc ∼ εωL

td = L2/Deff , involving the square of the spinal-cord length L = 0.7 m and the
effective diffusivityDeff = κ(1+R), defined in Eq. 14 in terms of the molecular diffusivity
κ and the augmentation factor R[ν/κ, h/(ν/ω)1/2]. The value of the relevant molecular
diffusivity κ = 5×10−11 m2/s is given on page 14. As for R, as mentioned in the abstract,
its value is found to lie in the approximate range 10 <

∼ R <
∼ 100. Using those numbers

provides estimated transport times in the range
108 sec <

∼ td <
∼ 109 sec, (i.e. 3 years <∼ td <

∼ 30 years).

† Email address for correspondence: lasheras@ucsd.edu

680 J. J. Lawrence and others

Choroid plexus of
lateral ventricle

Choroid plexus of
third ventricle Choroid plexus of

fourth ventricle

Cerebrum

Lumbar
puncture

L1
L2
L3
L4

Pia mater

Dura mater

Spinal cord

Cerebellum

Cerebral aqueduct

Arachnoid villus

Subarachnoid space

Subarachnoid space

Subarachnoid
space

Dura
membrane

x

s
y

Dura
membrane

Pia
mater

(a)

(b)

(c)

(d)

Pia
mater

Spinal
cord

Spinal
cord

Subarachnoid
space

Arachnoid mater

L5

FIGURE 1. (Colour online) Schematic view of the spinal canal, with indication of the
curvilinear coordinates used in the analysis and the most common injection route in ITDD
procedures; adapted from Sánchez et al. (2018).

1. Introduction
1.1. Intrathecal drug delivery

The cerebrospinal fluid (CSF) is a colourless fluid that fills the subarachnoid space
(SAS), bathing the external surfaces of the brain and the spinal cord, as shown
schematically in figure 1(b). The treatment of a number of central-nervous-system
(CNS) pathologies, including some cancers of the CNS, as well as the management
of severe chronic and post-operative pain involve in some cases the direct injection
of the medication into the CSF in the intrathecal space of the spinal canal that
surrounds the spinal cord. This procedure, used since the early 1980s (Onofrio,
Yaksh & Arnold 1981), is often referred to as intrathecal or intraspinal drug delivery
(ITDD). The standard ITDD protocol consists of placing a small catheter along the
spine in the SAS of the lumbar region to continuously pump the drug or to release
a finite dose at selected times. Sometimes ITDD is used to deliver the drug to sites
along the spinal cord close to the location of injection, while in other cases the
medication is delivered to distant target sites in the brain. While the most easily
accessed and most commonly used injection route is a puncture in the posterior
spine in the lumbar area, typically using the L3/L4 intervertebral space indicated in
figure 1(a), an alternative injection site is the cisterna magna, an opening in the SAS
located below the cerebellum. However, this latter route carries the risk of apnoea and
other serious complications and is generally only used by neurosurgeons. A rarely
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The spinal SAS, filled with CSF, is a thin annular canal of thickness h(x, s, t), perimeter
ℓ(x), and length L.
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70 cm ≫ 2 cm ≫ 0.2 cm

c0(x, τ)

vL = vSS(x) + vSD(x) + vB(x, τ)

∆ρ = (ρ− ρd) ∼ 10−3ρ ≪ ρ

O(∆ρ g)

O(ρ ∂v/∂t)
=

(ρ− ρd)

ρ

g

εω2L
∼ ε

Ri =
∆ρ g

ρv ·∇v
=

g(ρ− ρd)/ρ

ε2ω2L
∼ 1

1

ℓ

∂

∂x
(ℓu) +

∂v

∂y
+

1

ℓ

∂w

∂s
= 0,

∂u
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+ ε

[

1

ℓ

∂

∂x
(ℓu2) +

∂

∂y
(uv) +

1

ℓ

∂

∂s
(uw)

]

= −
∂p′

∂x
+

1

α2

∂2u

∂y2
− εRi c,

∂w

∂t
+ ε

[

∂

∂x
(uw) + 2

uw

ℓ

∂ℓ

∂x
+

∂

∂y
(vw) +

1

ℓ

∂

∂s
(w2)

]

= −
1

ℓ

∂p̂

∂s
+

1

α2

∂2w

∂y2
,

∂c

∂t
+ ε

(

u
∂c

∂x
+ v

∂c

∂y
+

w

ℓ

∂c

∂s

)

=
ε2

α2σ

∂2c

∂y2
,
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Bulk flow in the spinal canal (DiChiro, Nature, 1964) 
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o! number of cells, the appearance being 
similar to that observed in the catt·•. 

the network to itself, there appear 
penods of rhythmic activity having a slow 
onset as well as offset (Fig. 10, arrows). The 

of these periods and their shape 
are srmilar to the corresponding spontaneous 
activity patterns in the feline thalamus•, and 
can be analysed by auto·covariance calcula-
tions. The auto-covariance is expressed as: 
j+T-1 

:E (x; - iit) (xt + T - x; + T)/n with 
i=j j = 0, T, 2T, .. 

In Fig. 1D, the quantity is plotted for T = 12 
units of time. The interval marked with 
arrows in Fig. 10 appears in Fig. 1D (single 
arrow) as a period of marked dominance of 
the frequency corresponding to 12 UT. Tho 
amplitude of the curve in Fig. 1D gives the 
degree of synchrony of the rhythmic waves 
in the network, shown in Fig. 10. 

Thus, the model is capable of producing 
activity with certain characteristics in com-
mon with the two known types of thalamic 
rhythmic activity. The results lend some 
support to the theories based on a widespread 
inhibition and the process of post-anodal 
exaltation, advanced as explanations for 
such activities. 

Two parameters of the network turned out 
to be of particular importance for the pro-
duction of rhythmic activity. First, the 
degree of the post-inhibitory increase of the 
firing probability, secondly, the number of 
neurones being inhibited subsequent to the 
firing of another cell. These results suggest 

Fig. 1. One (a), three (b), six (c) and twenty-four (d) hours radio-iodinated serum 
albumin cisternograms 

that future animal experiments should be focused on the 
mechanism underlying the post-anodal exaltation, and the 
connexions and properties of the inhibitory interneurones 
in the thalamus. 

Laboratory of Neurophysiology, 
Institute of Anatomy, 

University of Oslo. 
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Movement of the Cerebrospinal Fluid in 
Human Beings 

CoNSIDERABLE controversy and doubt exist regarding 
the movement of the cerebrospinal fluid, and a convincing 
demonstration of bulk flow of this fluid is still lacking. 
Since obstruction of the ventricular paths invariably 
results in hydrocephalus, obviously a net transfer of fluid 
must occur from the ventricular system out into the sub-
arachnoidal spaces. A caudad or cephalad movement of 
the cerebrospinal fluid in the subarachnoidal spaces, 
however, has been questioned1 •2 • 

Iodine-131 serum albumin or iodine-131 autologous 
cerebrospinal fluid has been injected intraventricularly 
and intrathocally in more than fifty patients for various 

diagnostic reasons"-"· External scintillation scans of the 
head are performed at various time-intervals. In this way 
the y-emitter is followed in its movement through the 
cerebrospinal fluid pathways (Fig. l ). The labelled com-
pound, injected intraventricularly, begins to flow into the 
basal cisterns within a few minutes. From the basal cis-
terns the activity proceeds, mainly through tho anterior 
subarachnoid paths and the Sylvian fissures, to the con-
vexity of the brain. At 12-24 h, most, and sometimes all, 
of the activity is detectable along the superior longitudinal 
sinus. The tracer, when injected in the lumbar area, is 
detected in the basal cisterns in about 1 h and from 
hero it follows the same pattern as above. It has been 
calculated that 20-33 per cent of the activity injected 
intrathecally reaches the endocranium within 12 h_ Con-
sidorable activity remains in the lumbosacral cul-de-sac 
even at 24 h. Positioning and the physical activities of the 
patient between scans do not affect the pattern of spread-
ing. Where pathological localized blocks of the free move-
ment of the cerebrospinal fluid occur, the radioactive 
material follows remaining open routes to reach the 
hemispheric convexities. In such instances, the radio-
activity in the open pathways, and in the obstructed route 
proximal to the block, is in higher concentration. These 
data suggest a 'transport' or 'sweeping' phenomenon. 
Although an ebb-and-flow component may he present, 
there is definitely a net forward progression of the cerebro-
spinal fluid. Technetium 99m pertechnate (mol. wt. 163) 
injected intraventricularly in one, and intrathecally in 
three patients, failed to be transported with the cerebro-
spinal fluid but was obviously resorbed locally at the site 
of injection. 

It is probably true that the cerebrospinal fluid is formed 
everywhere and resorbed everywhere in the cerebrospinal 
fluid cavities. It is also true, however, that at least part 
of this fluid moves in a flow-like fashion towards the 
hemispheric convexities, possibly due to th(• vascular•-• 

After 1 hour After 3 hours

Why is CSF bulk flow important?

• It is key to the normal functioning of the CNS (it is responsible for 
the supply of nutrients to neuronal and glial cells, the removal of the 
waste products of cellular metabolism, and the transport of 
hormones,neurotransmitters, and other neuropeptides throughout 
the CNS. )

• It plays a fundamental role in the distribution of drugs, anesthetics 
and chemotherapeutic agents delivered intrathecally in the SSAS.
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1. Introduction
1.1. Intrathecal drug delivery

The cerebrospinal fluid (CSF) is a colourless fluid that fills the subarachnoid space
(SAS), bathing the external surfaces of the brain and the spinal cord, as shown
schematically in figure 1(b). The treatment of a number of central-nervous-system
(CNS) pathologies, including some cancers of the CNS, as well as the management
of severe chronic and post-operative pain involve in some cases the direct injection
of the medication into the CSF in the intrathecal space of the spinal canal that
surrounds the spinal cord. This procedure, used since the early 1980s (Onofrio,
Yaksh & Arnold 1981), is often referred to as intrathecal or intraspinal drug delivery
(ITDD). The standard ITDD protocol consists of placing a small catheter along the
spine in the SAS of the lumbar region to continuously pump the drug or to release
a finite dose at selected times. Sometimes ITDD is used to deliver the drug to sites
along the spinal cord close to the location of injection, while in other cases the
medication is delivered to distant target sites in the brain. While the most easily
accessed and most commonly used injection route is a puncture in the posterior
spine in the lumbar area, typically using the L3/L4 intervertebral space indicated in
figure 1(a), an alternative injection site is the cisterna magna, an opening in the SAS
located below the cerebellum. However, this latter route carries the risk of apnoea and
other serious complications and is generally only used by neurosurgeons. A rarely
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Characteristic bulk-flow velocity:  cm/min



Intrathecal Drug Delivery (ITDD)

Disparity of time scales: pulsation time (~1 sec) vs residence time (~30 min)
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Solute transport in the spinal canal 3

Figure 1. Schematic view of the spinal canal, with indication of the curvilinear coordinates
used in the analysis and the most common injection route in ITDD procedures; adapted from
Sánchez et al. (2018).

Pardridge 2011). Recent studies have revealed inexplicable variations in patient response,
which may be attributed to differences in the physical and molecular characteristics of
the injected solution, and more importantly, to the patient physiological parameters and
specific anatomy and characteristics of the spinal canal. Inadvertent over- or under-dosage
may result in serious clinical consequences. Under-dosage may occur in 30% or more of
patients receiving standard regimes of chemotherapy and those who are inadvertently
under-dosed are at risk of a significantly reduced anticancer effect, with an estimated 20%
relative reduction in survival rate (Wallace & Yaksh 2012). In addition, over-dosing with
anesthetic via ITDD may produce serious consequences including acute nerve damage
or chronic subclinical nerve damage (Buchser et al. 2004). Thus, there is an imperative
need to develop a methodology capable of accurately predicting the dispersion of the
drug along the spinal canal for the specific anatomy and physiological conditions of the
individual patient as well as for the molecular characteristics and injection rate of the
drug.

1.2. Flow and transport in the spinal canal

A major feature of spinal fluid flow is its oscillation, which is driven mainly by the
intracranial pressure fluctuations that occur with each heart beat as a result of the
cyclic variation of the cerebrovascular blood volume (du Boulay 1966; Bhadelia et al.
1997). As follows from conservation of intracranial volume, i.e. the so-called Monro-Kellie
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LS ∼ εL

Collecting terms of order ε and taking the time average ⟨·⟩ = 1
2π

∫ 2π
0 · dt yields

where Fx(x, η, s) and Fs(x, η, s) can be evaluated in terms of the leading-order solution.
This harmonic oscillatory motion correspond to axial velocities uc ∼ εωL ∼ 1 cm/s

The time average vanishes ⟨u0⟩ = ⟨v0⟩ = ⟨w0⟩ = ⟨h′

0⟩ = ⟨p′0⟩ = ⟨p̂0⟩ = 0, with

⟨·⟩ = 1
2π

∫ 2π
0 · dt

The linear unsteady lubrication problem that appears at O(1) can be solved to give

u0 = Re
(

ieitU
)

, v0 = Re
(

ieitV
)

, w0 = Re
(

ieitW
)

,

p′0 = Re
(

eitP ′
)

, p̂0 = Re
(

eitP̂
)

, h′

0 = Re
(

eitH ′
)

,

involving the complex functions U(x, η, s), V (x, η, s), W (x, η, s), P ′(x), P̂ (x, s), and
H ′(x, s), with η = y/h
u = u0 + εu1 + · · · , v = v0 + εv1 + · · · , w = w0 + εw1 + · · · ,
p′ = p′0 + εp′1 + · · · , p̂ = p̂0 + εp̂1 + · · · , h′ = h′

0 + εh′

1 + · · ·

h̄(x, s), ℓ(x), γ(x, s), Π(t)

α ∼ 1, k ∼ 1, ε ≪ 1

u(x, y, s, t), v(x, y, s, t), w(x, y, s, t), h′(x, s, t) = h−h̄(x, s), p−Π(t) = k2p′(x, t), p̂(x, s, t)
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The Taylor diffusivities Dxx(x, s), Dxs(x, s), Dsx(x, s), Dss(x, s) can be evaluated in
terms of v0(x, t) and S
Dxx, Dxs, Dsx, Dss ∼ 1 for S ∼ 1 and Dxx, Dxs, Dsx, Dss → 0 as S → ∞

where Fx(x, η, s) and Fs(x, η, s) are nonlinear terms arising from convective acceleration
that can be evaluated in terms of the leading-order solution.
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)

ds+

∫ 1

0

∫ 1

0
uddηds = 0 (0.1)
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= ⟨v1⟩(x̂0) +

〈
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0
v0(x̂0, t

′)dt′ ·∇v0(x̂0, t)

〉

; x̂0 = xi at τ = 0, (0.2)

Two-time scale analysis (t, τ = ε2t)

δv ∼ S|∇v0| ∼ S
uc

L
∼ εuc
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ρ
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+ ν∇2v

uc ∼
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V ωL ∼ εωL, vc ∼

hc

L uc ∼ εωhc, wc ∼
ℓc
L uc ∼ εωℓc

wave speed (Ee/ρ)1/2 of the resulting pulsatile motion along the canal. Noninvasive
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v +
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Relevant time scales ω−1 ∼ 1 sec and tr ∼ ε−2ω−1 ∼ 30 min

h(x, s, t)− h̄(x, s) = γ(x, s)p′(x, t)

(∆h)c = γc(∆p)c → ε =
(∆h)c
hc

∼
∆V

V
∼

1

50
≪ 1

ε =
(∆h)c
hc

∼
∆V

V
∼

LS

L
∼

1

50
≪ 1

ℓ(x) and h̄(x, s)

γ(x, s)

v(x, t) = (u, v, w) = v0(x, t) + εv1(x, t) + ε2v2(x, t) + · · ·

1

α2S
∂c

∂y
= Bpia c at y = 0 and

1

α2S
∂c

∂y
= −Bdura c at y = h

∂c0
∂τ

+

(
∫ 1

0
uLdη

)

∂c0
∂x

+

(
∫ 1

0
wLdη

)

1

ℓ

∂c0
∂s

= −
Bpia +Bdura

h̄
c0

ε−2ω−1 ∼ 20− 30 min

ω−1 ∼ 1 sec

1 ≪ S ≪ ε−2
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+

(
∫ 1
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uLdη

)
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0
wLdη

)
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= 0
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+ uL
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+ vL
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∂y

+
wL

ℓ

∂c0
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=
1

α2ε2S
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∂y2

;
∂c0
∂y

= 0 at y = 0, h̄(x, s)

h̄
∂c0
∂τ

+ h̄

(
∫ 1

0
uLdη

)

∂c0
∂x

+ h̄

(
∫ 1
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1
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=
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1
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Dsx
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)

+
1

ℓ

∂
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(

Dss
1

ℓ

∂c0
∂s

)

,

The Taylor diffusivities Dxx(x, s), Dxs(x, s), Dsx(x, s), Dss(x, s) can be evaluated in
terms of v0(x, t) and S
Dxx, Dxs, Dsx, Dss ∼ 1 for S ∼ 1 and Dxx, Dxs, Dsx, Dss → 0 as S → ∞

where Fx(x, η, s) and Fs(x, η, s) are nonlinear terms arising from convective acceleration
that can be evaluated in terms of the leading-order solution.

∂c

∂t
+ εv ·∇c =

1

α2S

∂2c

∂y2
;
∂c

∂y
= 0 at y = 0, h

c = c0(x, t, τ) + εc1(x, t, τ) + · · ·
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Appendix A. CSF motion in the spinal canal
This appendix summarizes the results of the analysis presented in Sánchez et al.

(2018) for the motion of CSF in the spinal canal. The flow is driven by the periodic
pressure fluctuation in the cranial cavity (1p)c⇧(t), where (1p)c is the amplitude and
⇧(t) is a dimensionless periodic function. The resulting volume flux is accommodated
by the deformation of the dura membrane. For simplicity, the displacement of the dura
membrane is assumed to be linearly proportional to the local pressure fluctuation, with
a compliance factor � 0 whose characteristic value � 0

c ⌧ hc/(1p)c defines in (1.1) the
small parameter " measuring the limited compliance of the spinal SAS as well as the
small oscillatory displacements of the CSF in the canal. In dimensionless form, the
constitutive equation becomes

h � h̄ = "� p ) h0
= � (⇧ + k2p0) (A 1)

involving the canal deformation h � h̄ = "h0 from its unperturbed distribution h̄(x, s)
and the streamwise pressure distribution p � ⇧(t) = k2p0(x, t), where p0(x, t) is the
pressure variation from its entrance value scaled with ⇢"!2L2 and

k =
L!

[(hc/� 0
c)/⇢]1/2

(A 2)

is a dimensionless wavenumber, with [(hc/�
0

c)/⇢]1/2 representing the relevant elastic
wave speed. In our previous analysis (Sánchez et al. 2018) the compliance factor was
defined as the ratio of the section-averaged canal width to an effective elastic modulus,
both being functions of x only, so that the resulting canal deformations h0 were only
a function of x and t. Here the description is generalized by allowing for a more
general variation � 0/� 0

c =� (x, s)⇠ 1, so that h0(x, s, t). Besides the velocity field, given
by the three velocity components u, v, and w, and the deformation h0, the solution
determines the pressure distribution. This is given in the first approximation by its
streamwise distribution p0(x, t) appearing in (A 1), with a supplementary function
p̂(x, s, t) introduced in the azimuthal component of the momentum equation (A 5) to
describe the small relative pressure variations occurring within each section, of order
(`c/L) ⌧ 1.

In the slender-flow limit (2.1), the continuity equation takes the form

1
`

@

@x
(`u) +

@v

@y
+

1
`

@w
@s

= 0, (A 3)

whereas the axial and azimuthal components of the momentum equation are

@u
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
1
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(uv) +

1
`

@

@s
(uw)

�
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@p0

@x
+

1
↵2

@2u
@y2

, (A 4)

@w
@t

+ "


@

@x
(uw) + 2

uw
`

@`

@x
+

@

@y
(vw) +

1
`

@

@s
(w2)

�
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1
`

@ p̂
@s

+
1
↵2

@2w
@y2

, (A 5)

where
↵ =

hc

(⌫/!)1/2
(A 6)

is the Womersley number, which takes values of order unity.
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u(x, y, s, t), v(x, y, s, t), w(x, y, s, t), h′(x, s, t) = h−h̄(x, s), p−Π(t) = k2p′(x, t), p̂(x, s, t)

h′(x, s, t) = h− h̄

h′ = γ[Π(t) + k2p′]

y = 0, h : u = w = v −
∂h′

∂t
= 0; x = 0 : p′ = 0; x = 1 :

∫ 1

0

(

∫ h

0
u

)

ds = 0

∆V

V
∼ 0.02− 0.04 ≪ 1

∆V

V
∼

LS

L
→ LS ∼

∆V

V
L

ε ∼
∆V

V
∼

LS

L
∼

1

50
≪ 1

uc ∼
LS

ω−1
=

∆V

V
ωL

uc ∼
LS

ω−1
= εωL

up = −λ/
√
t

O(
√
t)

x =
1− r√

t

up

Tc

TI

=

(

pc
pI

)

γ−1

γ

=

(

ρc
ρI

)γ−1

xi

tr ∼
L

ε2ωL
∼ ε−2ω−1

S ∼ εL

2π/ω

vd
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In the slender-flow limit (2.1) , the continuity equation takes the form
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whereas the axial and azimuthal components of the momentum equation are
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where

↵ =
hc

(⌫/!)1/2
(A 7)

is the Womersley number, which takes values of order unity.
The pressure drop is negligible at the entrance of the canal, corresponding to the

condition p
0 = 0 at x = 0. The velocity satisfies u = v = w = 0 at y = 0 and u =

v � @h
0
/@t = w = 0 at y = h. Since the canal is symmetric the azimuthal velocity

component w vanishes at s = 0 and s = 1. The requirement that the axial volume

flux
R 1
0

⇣R h
0 udy

⌘
ds must vanish at the closed end x = 1 completes the set of boundary

conditions needed to determine the flow in the canal.
In the computation, it is convenient to introduce the normalized transverse coordinate

⌘ = y/h, along with the regular expansions (2.3) and (2.4) for the velocity and deforma-
tion and similar expansion in powers of " for the pressure functions p

0 and p̂. The solution
for the first two terms in the expansions is given below for an intracranial pressure of
the form ⇧(t) = cos t. Clearly, additional terms in a Fourier expansion for ⇧(t) could be
computed in a similar manner.

A.1. Leading-order solution

In the limit " ⌧ 1 with ↵ ⇠ 1 and k ⇠ 1, the problem defined by (A 2) and (A 4)–
(A 6) with the boundary conditions given below (A 6) can be solved in terms of regular
expansions of the form v = v0 + "v1 + · · · , h

0 = h
0
0 + "h

0
1 + · · · , p

0 = p
0
0 + "p

0
1 + · · · ,

and p̂ = p̂0 + "p̂1 + · · · . The linear problem encountered at leading order can be readily
integrated to give

u0 = Re
�
ieitU

�
, v0 = Re

�
ieitV

�
, w0 = Re

�
ieitW

�
,

p
0
0 = Re

�
eitP 0�

, p̂0 = Re
⇣
eitP̂

⌘
, h

0
0 = Re

�
eitH 0�

, (A 8)

involving the complex functions U(x, ⌘, s), V (x, ⌘, s), W (x, ⌘, s), P
0(x), P̂ (x, s), and

H
0(x, s).
The axial and azimuthal velocity are given in terms of the components of the pressure

gradient by

U =
dP

0

dx
G and W =

1

`

@P̂

@s
G (A 9)

with

G(x, ⌘, s) = 1 �

cosh
h
↵h̄
2

1+ip
2

(2⌘ � 1)
i

cosh
h
↵h̄
2

1+ip
2

i (A 10)

as follows at this order by integration of (A 5) and (A 6) with boundary conditions u0 =

Continuity Eq:
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as follows at this order by integration of (A 5) and (A 6) with boundary conditions u0 =

Momentum Eq:
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h̄(x, s), ℓ(x), γ(x, s)

α ∼ 1, k ∼ 1, ε ≪ 1

u(x, y, s, t), v(x, y, s, t), w(x, y, s, t), h′(x, s, t) = h−h̄(x, s), p−Π(t) = k2p′(x, t), p̂(x, s, t)

h′(x, s, t) = h− h̄

h′ = γ[Π(t) + k2p′]

y = 0, h : u = w = v −
∂h′

∂t
= 0; x = 0 : p′ = 0; x = 1 :

∫ 1

0
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∫ h

0
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ds = 0
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ε2ωL
∼ ε−2ω−1
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h′ = h− h̄ = γ[Π(t) + k2p′]
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In the slender-flow limit (2.1) , the continuity equation takes the form
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where

↵ =
hc

(⌫/!)1/2
(A 7)

is the Womersley number, which takes values of order unity.
The pressure drop is negligible at the entrance of the canal, corresponding to the

condition p
0 = 0 at x = 0. The velocity satisfies u = v = w = 0 at y = 0 and u =

v � @h
0
/@t = w = 0 at y = h. Since the canal is symmetric the azimuthal velocity

component w vanishes at s = 0 and s = 1. The requirement that the axial volume

flux
R 1
0

⇣R h
0 udy

⌘
ds must vanish at the closed end x = 1 completes the set of boundary

conditions needed to determine the flow in the canal.
In the computation, it is convenient to introduce the normalized transverse coordinate

⌘ = y/h, along with the regular expansions (2.3) and (2.4) for the velocity and deforma-
tion and similar expansion in powers of " for the pressure functions p

0 and p̂. The solution
for the first two terms in the expansions is given below for an intracranial pressure of
the form ⇧(t) = cos t. Clearly, additional terms in a Fourier expansion for ⇧(t) could be
computed in a similar manner.

A.1. Leading-order solution

In the limit " ⌧ 1 with ↵ ⇠ 1 and k ⇠ 1, the problem defined by (A 2) and (A 4)–
(A 6) with the boundary conditions given below (A 6) can be solved in terms of regular
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and p̂ = p̂0 + "p̂1 + · · · . The linear problem encountered at leading order can be readily
integrated to give
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involving the complex functions U(x, ⌘, s), V (x, ⌘, s), W (x, ⌘, s), P
0(x), P̂ (x, s), and

H
0(x, s).
The axial and azimuthal velocity are given in terms of the components of the pressure
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as follows at this order by integration of (A 5) and (A 6) with boundary conditions u0 =

Leading-order oscillatory motion
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Collecting terms of order ε and taking the time average ⟨·⟩ = 1
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Collecting terms of order ε and taking the time average ⟨·⟩ = 1
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∫ 2π
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R 1
0 �ds = 1, ` = 1, and Q = constant. In that case, integration of (A 18) yields
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A.2. Steady streaming

Because of nonlinear interactions, associated with the convective terms and with the
temporal and spatial variations of the canal width, the first-order corrections to the flow
contain a steady component, additional to the oscillatory component. The computation
of this steady-streaming flow begins by collecting terms of order " in (A 5) and (A 6).

Taking the time average h·i = 1
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can be evaluated in terms of the leading-order solution. Note that the time averages are
readily computed using hRe(ieitA) Re(ieitB)i = Re(AB

⇤)/2 and hRe(eitC) Re(ieitD)i =
Im(CD

⇤)/2 for the generic time-independent complex functions A, B, C and D, with
the asterisk ⇤ denoting complex conjugates.
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in terms of the unknown axial and azimuthal pressure gradients dhp
0
1i/dx and @hp̃1i/@s,

while the accompanying transverse steady-streaming velocity
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is determined from the time-averaged continuity equation at order ".
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∂ĥ0

∂t
w0⟩

−
∂h̄

∂x

η

h̄

∂

∂η
⟨u0w0⟩ −

1

ℓ

∂h̄

∂s

η

h̄

∂

∂η
⟨w2

0⟩+
2

h̄3α2

∂2

∂η2
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can be evaluated in terms of the leading-order solution.
The steady–streaming velocities must satisfy ⟨u1⟩ = ⟨w1⟩ = 0 at η = 0, 1.
The functions Fx and Fs drive the steady-streaming motion, in that, if they were zero,

the solution to (0.1) and (0.2) would reduce to ⟨u1⟩ = ⟨w1⟩ = 0. Besides the well-known
contributions arising from the time average of the nonlinear convective acceleration,
present in any steady-streaming phenomenon, additional terms appear in (0.3) and (0.4)
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A.2. Steady streaming

Because of nonlinear interactions, associated with the convective terms and with the
temporal and spatial variations of the canal width, the first-order corrections to the flow
contain a steady component, additional to the oscillatory component. The computation
of this steady-streaming flow begins by collecting terms of order " in (A 5) and (A 6).
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can be evaluated in terms of the leading-order solution. Note that the time averages are
readily computed using hRe(ieitA) Re(ieitB)i = Re(AB

⇤)/2 and hRe(eitC) Re(ieitD)i =
Im(CD

⇤)/2 for the generic time-independent complex functions A, B, C and D, with
the asterisk ⇤ denoting complex conjugates.
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in terms of the unknown axial and azimuthal pressure gradients dhp
0
1i/dx and @hp̃1i/@s,

while the accompanying transverse steady-streaming velocity
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is determined from the time-averaged continuity equation at order ".
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can be evaluated in terms of the leading-order solution. Note that the time averages are
readily computed using hRe(ieitA) Re(ieitB)i = Re(AB

⇤)/2 and hRe(eitC) Re(ieitD)i =
Im(CD

⇤)/2 for the generic time-independent complex functions A, B, C and D, with
the asterisk ⇤ denoting complex conjugates.
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in terms of the unknown axial and azimuthal pressure gradients dhp
0
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is determined from the time-averaged continuity equation at order ".

2 A. L. Sánchez and others

where Fx(x, η, s) and Fs(x, η, s) are nonlinear terms arising from convective acceleration
that can be evaluated in terms of the leading-order solution.
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For shear-enhanced diffusion to be effective
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Eulerian velocity field: solution for 
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In the slender-flow limit (2.1) , the continuity equation takes the form
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whereas the axial and azimuthal components of the momentum equation are
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where

↵ =
hc

(⌫/!)1/2
(A 7)

is the Womersley number, which takes values of order unity.
The pressure drop is negligible at the entrance of the canal, corresponding to the

condition p
0 = 0 at x = 0. The velocity satisfies u = v = w = 0 at y = 0 and u =

v � @h
0
/@t = w = 0 at y = h. Since the canal is symmetric the azimuthal velocity

component w vanishes at s = 0 and s = 1. The requirement that the axial volume

flux
R 1
0

⇣R h
0 udy

⌘
ds must vanish at the closed end x = 1 completes the set of boundary

conditions needed to determine the flow in the canal.
In the computation, it is convenient to introduce the normalized transverse coordinate

⌘ = y/h, along with the regular expansions (2.3) and (2.4) for the velocity and deforma-
tion and similar expansion in powers of " for the pressure functions p

0 and p̂. The solution
for the first two terms in the expansions is given below for an intracranial pressure of
the form ⇧(t) = cos t. Clearly, additional terms in a Fourier expansion for ⇧(t) could be
computed in a similar manner.

A.1. Leading-order solution

In the limit " ⌧ 1 with ↵ ⇠ 1 and k ⇠ 1, the problem defined by (A 2) and (A 4)–
(A 6) with the boundary conditions given below (A 6) can be solved in terms of regular
expansions of the form v = v0 + "v1 + · · · , h
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and p̂ = p̂0 + "p̂1 + · · · . The linear problem encountered at leading order can be readily
integrated to give
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involving the complex functions U(x, ⌘, s), V (x, ⌘, s), W (x, ⌘, s), P
0(x), P̂ (x, s), and

H
0(x, s).
The axial and azimuthal velocity are given in terms of the components of the pressure

gradient by
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as follows at this order by integration of (A 5) and (A 6) with boundary conditions u0 =



CSF flow in the spinal canal

November 15, 2016

Abstract

Cerebrospinal Fluid (CSF) is secreted in the choroid plexus in the lateral sinuses of the brain and fills the subarachnoid
space bathing the external surfaces of the brain and the spinal canal. Absence of CSF circulation has been shown to
impede its physiological function that includes, among others, supplying nutrients to neuronal and glial cells and removing
the waste products of cellular metabolism. Radionuclide scanning images published by Di Chiro in 1964 showed upward
migration of particle tracers from the lumbar region of the spinal canal, thereby suggesting the presence of an active bulk
circulation responsible for bringing fresh CSF into the spinal canal and returning a portion of it to the cranial vault.
However, the existence of this slow moving bulk circulation in the spinal canal has been a subject of dispute for the last
50 years. To date, there has been no physical explanation for the mechanism responsible for the establishment of such a
bulk motion. We present a perturbation analysis of the flow in an idealized model of the spinal canal and show how steady
streaming could be responsible for the establishment of such a circulation. The results of this analysis are compared to
flow measurements conducted on in-vitro models of the spinal canal of adult humans.
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dx
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can be evaluated in terms of the leading-order solution.
The steady–streaming velocities must satisfy ⟨u1⟩ = ⟨w1⟩ = 0 at η = 0, 1.
The functions Fx and Fs drive the steady-streaming motion, in that, if they were zero,

the solution to (0.4) and (0.5) would reduce to ⟨u1⟩ = ⟨w1⟩ = 0. Besides the well-known
contributions arising from the time average of the nonlinear convective acceleration,
present in any steady-streaming phenomenon, additional terms appear in (0.6) and (0.7)
due to the deformation of the canal (i.e., the terms involving ĥ0 and ∂ĥ0/∂t). Similar
contributions have been identified earlier in studies of steady-streaming in elastic tubes
(?). In principle, all terms in (0.6) and (0.7) can contribute significantly to the motion
depending on the flow conditions and on the specific geometrical features of the canal.
For example, for the specific model problem considered below in §?? the canal width
h̄ and its perimeter ℓ are selected to be independent of x, so that the terms involving

CSF flow in the spinal canal
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Abstract

Cerebrospinal Fluid (CSF) is secreted in the choroid plexus in the lateral sinuses of the brain and fills the subarachnoid
space bathing the external surfaces of the brain and the spinal canal. Absence of CSF circulation has been shown to
impede its physiological function that includes, among others, supplying nutrients to neuronal and glial cells and removing
the waste products of cellular metabolism. Radionuclide scanning images published by Di Chiro in 1964 showed upward
migration of particle tracers from the lumbar region of the spinal canal, thereby suggesting the presence of an active bulk
circulation responsible for bringing fresh CSF into the spinal canal and returning a portion of it to the cranial vault.
However, the existence of this slow moving bulk circulation in the spinal canal has been a subject of dispute for the last
50 years. To date, there has been no physical explanation for the mechanism responsible for the establishment of such a
bulk motion. We present a perturbation analysis of the flow in an idealized model of the spinal canal and show how steady
streaming could be responsible for the establishment of such a circulation. The results of this analysis are compared to
flow measurements conducted on in-vitro models of the spinal canal of adult humans.
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LS ∼ εL

Collecting terms of order ε and taking the time average ⟨·⟩ = 1
2π

∫ 2π
0 · dt yields

where Fx(x, η, s) and Fs(x, η, s) can be evaluated in terms of the leading-order solution.
This harmonic oscillatory motion correspond to axial velocities uc ∼ εωL ∼ 1 cm/s

The time average vanishes ⟨u0⟩ = ⟨v0⟩ = ⟨w0⟩ = ⟨h′

0⟩ = ⟨p′0⟩ = ⟨p̂0⟩ = 0, with

⟨·⟩ = 1
2π

∫ 2π
0 · dt

The linear unsteady lubrication problem that appears at O(1) can be solved to give
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(
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(
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(
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involving the complex functions U(x, η, s), V (x, η, s), W (x, η, s), P ′(x), P̂ (x, s), and
H ′(x, s), with η = y/h
u = u0 + εu1 + · · · , v = v0 + εv1 + · · · , w = w0 + εw1 + · · · ,
p′ = p′0 + εp′1 + · · · , p̂ = p̂0 + εp̂1 + · · · , h′ = h′
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1 + · · ·
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LS ∼ εL

Collecting terms of order ε and taking the time average ⟨·⟩ = 1
2π

∫ 2π
0 · dt yields

where Fx(x, η, s) and Fs(x, η, s) can be evaluated in terms of the leading-order solution.
This harmonic oscillatory motion correspond to axial velocities uc ∼ εωL ∼ 1 cm/s

The time average vanishes ⟨u0⟩ = ⟨v0⟩ = ⟨w0⟩ = ⟨h′

0⟩ = ⟨p′0⟩ = ⟨p̂0⟩ = 0, with

⟨·⟩ = 1
2π

∫ 2π
0 · dt

The linear unsteady lubrication problem that appears at O(1) can be solved to give

u0 = Re
(

ieitU
)

, v0 = Re
(

ieitV
)

, w0 = Re
(

ieitW
)

,

p′0 = Re
(

eitP ′
)

, p̂0 = Re
(

eitP̂
)

, h′

0 = Re
(

eitH ′
)

,

involving the complex functions U(x, η, s), V (x, η, s), W (x, η, s), P ′(x), P̂ (x, s), and
H ′(x, s), with η = y/h
u = u0 + εu1 + · · · , v = v0 + εv1 + · · · , w = w0 + εw1 + · · · ,
p′ = p′0 + εp′1 + · · · , p̂ = p̂0 + εp̂1 + · · · , h′ = h′

0 + εh′

1 + · · ·

h̄(x, s), ℓ(x), γ(x, s), Π(t)

α ∼ 1, k ∼ 1, ε ≪ 1

u(x, y, s, t), v(x, y, s, t), w(x, y, s, t), h′(x, s, t) = h−h̄(x, s), p−Π(t) = k2p′(x, t), p̂(x, s, t)

h′(x, s, t) = h− h̄

h′ = γ[Π(t) + k2p′]

y = 0, h : u = w = v −
∂h′

∂t
= 0; x = 0 : p′ = 0; x = 1 :

∫ 1

0

(

∫ h

0
u

)

ds = 0

∆V

V
∼ 0.02− 0.04 ≪ 1
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∼
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∆V

V
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ε ∼
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∼
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∼
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≪ 1
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ω−1
=
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V
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Stokes drift
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1.3. Mean Lagrangian motion in the spinal canal

The above discussion pertaining to intrathecal drug delivery underscores the relevance
of fluid-particle trajectories in connection with the resulting drug-delivery rates, asso-
ciated with the mean Lagrangian motion established in the canal. As discussed earlier,
the Eulerian velocity field includes a small steady component with characteristic axial
magnitude ε2ωL, consistent with characteristic residence times in the canal of order
ε−2ω−1 ≫ ω−1. Besides this effect, there is an additional contribution to the mean
Lagrangian motion associated with the spatial nonuniformity of the pulsatile flow. Since
the characteristic streamwise velocity gradients are of order uc/L, as the fluid particle
traverses distances of order εL during a cardiac cycle, it can be expected to experience
velocity variations of order εuc. As a result, the fluid particle does not recover at time
t + 2π/ω the initial position occupied at time t. These small cyclical displacements, of
order εucω−1 = ε2L, accumulate in time to give the so-called Stokes drift, with associated
residence times ε−2ω−1 that are comparable to those of steady streaming.
The analysis given below for the mean Lagrangian motion will employ the Eulerian

velocity field described by Sánchez et al. (2018). The slenderness of the flow is accounted
for in defining a nondimensional coordinate system x and a nondimensional velocity v
with use made of the characteristic lengths (L,Rc, hc) and corresponding characteristic
velocities (uc, wc, vc) in the longitudinal, azimuthal, and transverse directions respec-
tively. In the asymptotic limit ε ≪ 1 the velocity can be expressed as

v(x, t) = v0(x, t) + εv1(x, t) + ε2v2(x, t) + · · · , (1.1)

where the dimensionless time t is scaled with ω−1, so that the solution is 2π periodic
in t. As previously mentioned, the leading-order velocity component, determined by
integration of a periodic lubrication problem, has a zero time average ⟨v0⟩ = 0, with

⟨·⟩ = 1
2π

∫ t+2π

t
· dt, whereas the first-order correction, accounting for the effects of

convective acceleration, includes a nonzero steady-streaming component ⟨v1⟩(x).
The essential elements of the computation of the mean Lagrangian motion, to be

presented below, can be anticipated by considering the trajectory x(t) of a fluid particle
located initially at x = xi. In nondimensional form, the problem reads

dx

dt
= εv(x, t); x = xi at t = 0. (1.2)

Note that the factor ε in the first equation appears as a consequence of the scalings
selected for the coordinates and velocity components.
As explained earlier, the mean Lagrangian motion involves characteristic times of order

ε−2ω−1, much larger than the characteristic time of the pulsatile flow ω−1 used in scaling
t. It is convenient to exploit this time-scale disparity in a formal two-time scale analysis
that introduces a second time variable τ = ε2t along with an expansion for the fluid-
particle location x of the form

x = x0(t, τ) + εx1(t, τ) + ε2x2(t, τ) + · · · , (1.3)

where each term is assumed to be periodic in t. Using the chain rule for partial differen-
tiation leads to

dx

dt
=

∂x0

∂t
+ ε

∂x1

∂t
+ ε2

(

∂x0

∂τ
+

∂x2

∂t

)

+ · · · , (1.4)

whereas the Eulerian velocity (1.1) takes the form

v(x, t) = v0(x0, t) + ε [v1(x0, t) + x1 ·∇v0(x0, t)] + · · · . (1.5)

Introducing (1.4) and (1.5) into (1.2) and collecting terms in increasing powers of ε yields
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O(1) :
∂x0

∂t
= 0

x0 = x̂0(τ)

dx

dt
= εv(x, t); x = xi at t = 0;

v(x, t) = v0(x, t) + εv1(x, t) + · · ·
There exist two relevant time scales ω−1 ∼ 1 sec and tr ∼ ε−2ω−1 ∼ 20 min

ω−1 ∼ 1 sec

tr ∼
L

ε2ωL
∼ ε−2ω−1 ∼ 20min

δv ∼ LS |∇v0| ∼ LS
uc

L
∼ εuc

δx ∼ δv ω−1 ∼ ε2L

ud ∼ ε2ωL ∼ ⟨u1⟩

LS ∼ εL

Collecting terms of order ε and taking the time average ⟨·⟩ = 1
2π

∫ 2π
0 · dt yields

where Fx(x, η, s) and Fs(x, η, s) can be evaluated in terms of the leading-order solution.
This harmonic oscillatory motion correspond to axial velocities uc ∼ εωL ∼ 1 cm/s

The time average vanishes ⟨u0⟩ = ⟨v0⟩ = ⟨w0⟩ = ⟨h′

0⟩ = ⟨p′0⟩ = ⟨p̂0⟩ = 0, with

⟨·⟩ = 1
2π

∫ 2π
0 · dt

The linear unsteady lubrication problem that appears at O(1) can be solved to give

u0 = Re
(

ieitU
)

, v0 = Re
(
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)

, w0 = Re
(

ieitW
)

,

p′0 = Re
(

eitP ′
)

, p̂0 = Re
(

eitP̂
)

, h′

0 = Re
(

eitH ′
)

,

involving the complex functions U(x, η, s), V (x, η, s), W (x, η, s), P ′(x), P̂ (x, s), and
H ′(x, s), with η = y/h
u = u0 + εu1 + · · · , v = v0 + εv1 + · · · , w = w0 + εw1 + · · · ,
p′ = p′0 + εp′1 + · · · , p̂ = p̂0 + εp̂1 + · · · , h′ = h′

0 + εh′

1 + · · ·

h̄(x, s), ℓ(x), γ(x, s), Π(t)

α ∼ 1, k ∼ 1, ε ≪ 1

u(x, y, s, t), v(x, y, s, t), w(x, y, s, t), h′(x, s, t) = h−h̄(x, s), p−Π(t) = k2p′(x, t), p̂(x, s, t)
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This harmonic oscillatory motion correspond to axial velocities uc ∼ εωL ∼ 1 cm/s

The time average vanishes ⟨u0⟩ = ⟨v0⟩ = ⟨w0⟩ = ⟨h′

0⟩ = ⟨p′0⟩ = ⟨p̂0⟩ = 0, with

⟨·⟩ = 1
2π

∫ 2π
0 · dt

The linear unsteady lubrication problem that appears at O(1) can be solved to give

u0 = Re
(

ieitU
)

, v0 = Re
(

ieitV
)

, w0 = Re
(

ieitW
)

,

p′0 = Re
(

eitP ′
)

, p̂0 = Re
(

eitP̂
)

, h′

0 = Re
(

eitH ′
)

,
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Relevant time scales ω−1 ∼ 1 sec and tr ∼ ε−2ω−1 ∼ 30 min

h(x, s, t)− h̄(x, s) = γ(x, s)p′(x, t)

(∆h)c = γc(∆p)c → ε =
(∆h)c
hc

∼
∆V

V
∼

1

50
≪ 1

ℓ(x) and h̄(x, s)

γ(x, s)

v(x, t) = (u, v, w) = v0(x, t) + εv1(x, t) + ε2v2(x, t) + · · ·

1

α2S
∂c

∂y
= Bpia c at y = 0 and

1

α2S
∂c

∂y
= −Bdura c at y = h

∂c0
∂τ

+

(
∫ 1

0
uLdη

)

∂c0
∂x

+

(
∫ 1

0
wLdη

)

1

ℓ

∂c0
∂s

= −
Bpia +Bdura

h̄
c0

ε−2ω−1 ∼ 20− 30 min

ω−1 ∼ 1 sec

1 ≪ S ≪ ε−2

∂c0
∂τ

+

(
∫ 1

0
uLdη

)

∂c0
∂x

+

(
∫ 1

0
wLdη

)

1

ℓ

∂c0
∂s

= 0

∂c0
∂τ

+ uL

∂c0
∂x

+ vL

∂c0
∂y

+
wL

ℓ

∂c0
∂s

=
1

α2ε2S

∂2c0
∂y2

;
∂c0
∂y

= 0 at y = 0, h̄(x, s)

h̄
∂c0
∂τ

+ h̄

(
∫ 1

0
uLdη

)

∂c0
∂x

+ h̄

(
∫ 1

0
wLdη

)

1

ℓ

∂c0
∂s

=
1

ℓ

∂

∂x

(

ℓDxx
∂c0
∂x

)

+
1

ℓ

∂

∂x

(

Dxs
∂c0
∂s

)

+
1

ℓ

∂

∂s

(

Dsx
∂c0
∂x

)

+
1

ℓ

∂

∂s

(

Dss
1

ℓ

∂c0
∂s

)

,

The Taylor diffusivities Dxx(x, s), Dxs(x, s), Dsx(x, s), Dss(x, s) can be evaluated in
terms of v0(x, t) and S
Dxx, Dxs, Dsx, Dss ∼ 1 for S ∼ 1 and Dxx, Dxs, Dsx, Dss → 0 as S → ∞

where Fx(x, η, s) and Fs(x, η, s) are nonlinear terms arising from convective acceleration
that can be evaluated in terms of the leading-order solution.

∂c

∂t
+ εv ·∇c =

1

α2S

∂2c

∂y2
;
∂c

∂y
= 0 at y = 0, h

c = c0(x, t, τ) + εc1(x, t, τ) + · · ·

v = v0(x, t) + εv1(x, t) + · · ·
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Since the dependence on the short time scale t enters above only through the harmonic
functions u0[x0(τ), t], v0[x0(τ), t], w0[x0(τ), t], and ∂h′

0/∂t[x0(τ), s0(τ), t], given in (2.5),
straightforward integration provides

x1 =

∫

u0dt+ x̃1(τ), (2.19)

η1 =
1

h̄

[
∫

v0dt−
(

h′
0 +

∂h̄

∂x

∫

u0dt+
1

ℓ

∂h̄

∂s

∫

w0dt

)

η0

]

+ η̃1(τ) (2.20)

s1 =
1

ℓ

∫

w0dt+ s̃1(τ), (2.21)

with
∫

u0dt = Re
(

eitU
)

,

∫

v0dt = Re
(

eitV
)

,

∫

w0dt = Re
(

eitW
)

, (2.22)

as follows from (2.5). The slowly varying terms x̃1, η̃1, and s̃1 appearing in (2.19)–(2.21),
which represent small relative corrections of order ε to the long-time evolution of the
fluid-particle location, are not to be further considered in the present development. They
could be obtained by carrying the analysis to higher order if needed to compute the
Lagrangian velocity (uL, vL, wL) with increased accuracy.
The Lagrangian velocity components (2.15) are obtained by taking the time average

of the trajectory equations that emerge at the following order. For instance, collecting
terms of order O(ε2) in (2.7) provides

∂x2

∂t
+

dx0

dτ
= u1 + x1

∂u0

∂x
+ η1

∂u0

∂η
+ s1

∂u0

∂s
, (2.23)

which leads to

dx0

dτ
= ⟨u1⟩+

〈

∂u0

∂x

∫

u0dt

〉

+
1

h̄

〈

∂u0

∂η

∫

v0dt

〉

+
1

ℓ

〈

∂u0

∂s

∫

w0dt

〉

−
η0
h̄

(〈

∂u0

∂η
h′
0

〉

+
∂h̄

∂x

〈

∂u0

∂η

∫

u0dt

〉

+
1

ℓ

∂h̄

∂s

〈

∂u0

∂η

∫

w0dt

〉)

(2.24)

upon taking the time average ⟨·⟩ = 1
2π

∫ t+2π
t · dt. The above equation includes products

of harmonic functions, to be evaluated with use made of (2.5) and (2.22) together with
the expressions given in appendix A for U , V , W , and H . Using the relation

1

ℓ

∂

∂x
(ℓu0)−

∂h̄

∂x

η0
h̄

∂u0

∂η
+

1

h̄

∂v0
∂η

+
1

ℓ

∂w0

∂s
−

1

ℓ

∂h̄

∂s

η0
h̄

∂w0

∂η
= 0, (2.25)

stemming at leading order from the continuity equation (2.2), along with integration by
parts enables the above equation (2.24) to be written in the compact form

uL =
dx0

dτ
= ⟨u1⟩ +

1

h̄

{

⟨u0h
′
0⟩+

1

ℓ

∂

∂s

(

h̄

〈

u0

∫

w0dt

〉)}

+
1

h̄

∂

∂η

〈

u0

[
∫

v0dt− η

(

h′
0 +

1

ℓ

∂h̄

∂s

∫

w0dt

)]〉

. (2.26)

As expected, besides the steady-streaming velocity ⟨u1⟩, the Lagrangian velocity includes
a Stokes-drift component arising from the interactions of the pulsating axial velocity with
the pulsating azimuthal and transverse motion and also with the deformation of the canal.
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Similar manipulations of the corresponding equations for dη0/dτ and ds0/dτ lead to

vL = ⟨v1⟩ +
1

ℓ

∂

∂x

(

ℓ

〈

v0

∫

u0dt

〉)

+
1

ℓ

∂

∂s

〈

v0

∫

w0dt

〉

−
η

h̄

∂

∂η

〈

v0

(

h′
0 +

∂h̄

∂x

∫

u0dt+
1

ℓ

∂h̄

∂s

∫

w0dt

)〉

(2.27)

and

wL = ⟨w1⟩ +
1

h̄

[

⟨w0h
′
0⟩+

∂

∂x

(

h̄

〈

w0

∫

u0dt

〉)]

+
1

h̄

∂

∂η

〈

w0

[
∫

v0dt− η

(

h′
0 +

∂h̄

∂x

∫

u0dt

)]〉

(2.28)

also exhibiting both the steady-streaming and the Stokes-drift components.
The Lagrangian velocities computed above will be seen to determine the convective

transport of the solute in the long time scale τ . The three components satisfy the mass
conservation equation

1

ℓ

∂

∂x
(ℓuL)−

∂h̄

∂x

η

h̄

∂uL

∂η
+

1

h̄

∂vL

∂η
+

1

ℓ

∂wL

∂s
−

1

ℓ

∂h̄

∂s

η

h̄

∂wL

∂η
= 0, (2.29)

which can be integrated across the canal to give

1

ℓ

∂

∂x

(

ℓh̄

∫ 1

0

uLdη

)

+
1

ℓ

∂

∂s

(

h̄

∫ 1

0

wLdη

)

= 0 (2.30)

relating the width-averaged values
∫ 1

0

uLdη =

∫ 1

0

⟨u1⟩dη +
1

h̄

[
∫ 1

0

⟨h′
0u0⟩dη +

1

ℓ

∂

∂s

(

h̄

∫ 1

0

〈

u0

∫

w0dt

〉

dη

)]

(2.31)

and
∫ 1

0

wLdη =

∫ 1

0

⟨w1⟩dη +
1

h̄

[
∫ 1

0

⟨h′
0w0⟩dη +

∂

∂x

(

h̄

∫ 1

0

〈

w0

∫

u0dt

〉

dη

)]

(2.32)

of the axial and azimuthal components of the time-averaged Lagrangian flow, also of
interest in the following development.

3. The description of solute dispersion in the spinal canal

3.1. Characteristic scales

The velocity field in the spinal canal determines the convective transport of the
drug injected in the lumbar region. Besides the characteristic time associated with the
pulsating flow ω−1, we have seen that the time-averaged Lagrangian motion introduces
a second characteristic time scale, the residence time ε−2ω−1. Molecular diffusion is
characterized by the solute diffusivity κ, typical values of which are of the order of
κ ≃ 5 × 10−10 m2/s for chemotherapy drugs such as methotrexate (Blasberg et al.
1975), with even larger values pertaining to the radioactive tracers used in exploratory
radiological imaging. The associated Schmidt number S = ν/κ, defined as the ratio of
the kinematic viscosity to the molecular diffusivity, is very large, of the order of a few
thousand. Diffusion occurs primarily in the direction transverse to the width of the canal,
with associated characteristic times h2

c/κ, whereas the times characterizing axial and
azimuthal diffusion, given by L2/κ and ℓ2c/κ, are much longer owing to the slenderness
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Similar manipulations of the corresponding equations for dη0/dτ and ds0/dτ lead to

vL = ⟨v1⟩ +
1

ℓ

∂

∂x

(

ℓ

〈

v0

∫

u0dt

〉)

+
1

ℓ

∂

∂s

〈

v0

∫

w0dt

〉

−
η

h̄

∂

∂η

〈

v0

(

h′
0 +

∂h̄

∂x

∫

u0dt+
1

ℓ

∂h̄

∂s

∫

w0dt

)〉

(2.27)

and

wL = ⟨w1⟩ +
1

h̄

[

⟨w0h
′
0⟩+

∂

∂x

(

h̄

〈

w0

∫

u0dt

〉)]

+
1

h̄

∂

∂η

〈

w0

[
∫

v0dt− η

(

h′
0 +

∂h̄

∂x

∫

u0dt

)]〉

(2.28)

also exhibiting both the steady-streaming and the Stokes-drift components.
The Lagrangian velocities computed above will be seen to determine the convective

transport of the solute in the long time scale τ . The three components satisfy the mass
conservation equation
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which can be integrated across the canal to give
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relating the width-averaged values
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0
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h̄
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0
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1

ℓ

∂

∂s

(
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∫ 1
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)]

(2.31)

and
∫ 1
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∫ 1

0
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h̄
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∫ 1

0

⟨h′
0w0⟩dη +

∂

∂x

(
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∫ 1

0

〈
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∫
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〉

dη
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of the axial and azimuthal components of the time-averaged Lagrangian flow, also of
interest in the following development.

3. The description of solute dispersion in the spinal canal

3.1. Characteristic scales

The velocity field in the spinal canal determines the convective transport of the
drug injected in the lumbar region. Besides the characteristic time associated with the
pulsating flow ω−1, we have seen that the time-averaged Lagrangian motion introduces
a second characteristic time scale, the residence time ε−2ω−1. Molecular diffusion is
characterized by the solute diffusivity κ, typical values of which are of the order of
κ ≃ 5 × 10−10 m2/s for chemotherapy drugs such as methotrexate (Blasberg et al.
1975), with even larger values pertaining to the radioactive tracers used in exploratory
radiological imaging. The associated Schmidt number S = ν/κ, defined as the ratio of
the kinematic viscosity to the molecular diffusivity, is very large, of the order of a few
thousand. Diffusion occurs primarily in the direction transverse to the width of the canal,
with associated characteristic times h2

c/κ, whereas the times characterizing axial and
azimuthal diffusion, given by L2/κ and ℓ2c/κ, are much longer owing to the slenderness



• The time-averaged Lagrangian velocity is found to be the result of a combination of the steady-
streaming Eulerian velocity, associated with inertia, and the Stokes drift, associated with the non-
uniformity  of the leading-order oscillatory flow. 

• The estimated magnitude of the velocity of the bulk recirculating flow of the CSF in the spinal canal is

• Correspondingly, typical residence times are of order                                             , much larger than 
the characteristic time                         of the pulsatile flow

• The results are in qualitative agreement with the radioactive-tracer observations of DiChiro (tracers 
with negligly small diffusivity)

2 A. L. Sánchez and others

ε−2ω−1 ∼ 20− 30 min

ω−1 ∼ 1 sec

1 ≪ S ≪ ε−2

∂c0
∂τ

+

(
∫ 1

0
uLdη

)

∂c0
∂x

+

(
∫ 1

0
wLdη

)

1

ℓ

∂c0
∂s

= 0

∂c0
∂τ

+ uL

∂c0
∂x

+ vL

∂c0
∂y

+
wL

ℓ

∂c0
∂s

=
1

α2ε2S
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CSF flow in the spinal canal

November 15, 2016

Abstract

Cerebrospinal Fluid (CSF) is secreted in the choroid plexus in the lateral sinuses of the brain and fills the subarachnoid
space bathing the external surfaces of the brain and the spinal canal. Absence of CSF circulation has been shown to
impede its physiological function that includes, among others, supplying nutrients to neuronal and glial cells and removing
the waste products of cellular metabolism. Radionuclide scanning images published by Di Chiro in 1964 showed upward
migration of particle tracers from the lumbar region of the spinal canal, thereby suggesting the presence of an active bulk
circulation responsible for bringing fresh CSF into the spinal canal and returning a portion of it to the cranial vault.
However, the existence of this slow moving bulk circulation in the spinal canal has been a subject of dispute for the last
50 years. To date, there has been no physical explanation for the mechanism responsible for the establishment of such a
bulk motion. We present a perturbation analysis of the flow in an idealized model of the spinal canal and show how steady
streaming could be responsible for the establishment of such a circulation. The results of this analysis are compared to
flow measurements conducted on in-vitro models of the spinal canal of adult humans.
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Intrathecal Drug Delivery (ITDD)

Direct injection of drugs into the 
subarachnoid space

Injection methods:
• Single dose
• Continuous dose

Target locations:
• Along the spinal cord
• Brain
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Can Shear-Enhanced Axial Diffusion contribute significantly to solute dispersion? 
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where Fx(x, η, s) and Fs(x, η, s) are nonlinear terms arising from convective acceleration
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• Taylor dispersion, which is important for solutes Schmidt numbers of order unity, is negligible for ITDD 
drugs.

• Convective transport driven by the time-averaged Lagrangian velocity is found to be important for all values 
of the solute Schmidt number 
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Relevant time scales ω−1 ∼ 1 sec and tr ∼ ε−2ω−1 ∼ 30 min
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Application to a Simplified Canonical Problem

x

R
y

θL

p=p (t)c

CSF flow in the spinal canal

July 19, 2016

Abstract

It is postulated that the recirculating flow of cerebrospinal
fluid along the spinal canal is the result of the steady stream-
ing associated with the oscillating flow induced by the pres-
sure pulsations in the cranial cavity. A flow model is proposed
by simplifying the conservation equations with account taken
of the slenderness and rigidity of the canal

1. Characteristic scales and associ-

ated simplifications

The model proposed envisions the spinal canal as a slender
annular tube of length L ≃ 1 m, characteristic radius R ≃ 1
cm, and annular thickness δ ≃ 1-2 mm, so that L ≫ R ≫ h,
as indicated in the figure. The shape of the transverse section
may change along the canal over distances of order L. The
canal is connected to the cranial cavity where the pressure
changes in time according to

pc = po + PcF (ωt), (1)

where Pc ≃ 70 mmHg and F (ωt) is a nondimensional periodic
function with period 2π/ω ≃ 1 second.
The canal wall is elastic, with an equivalent elastic modulus

Ee(x) that may change with the distance x from the entrance.
At a given section x the relation between the changes in pres-
sure and cross-sectional area A(x, t) is given by

dp

Ee
=

dA

A
. (2)

The value of Ee depends on the elastic modulus E and on
the shape of the confining wall (e.g. Ee = eE/(2R) for a
cylindrical tube of thickness e and radius R). As seen below
in (14), the ratio Ee/ρ = a2e is the square of the velocity of
the elastic waves along the spinal canal.
The characteristic temporal pressure variations at a given

location, of the order of the amplitude Pc of the intracranial
pressure pulse, are much smaller than Ee, thereby resulting
in small changes (A−Ao)/Ao ∼ Pc/Ee ≪ 1 of the transverse
area of the tube A(x, t) from its unperturbed value Ao(x), as
follows from (2). The ratio

Pc

Ee
= ε ≪ 1, (3)

defines one of the relevant small parameters in the following
description, the other two being the geometrical ratios h/L ≪
R/L ≪ 1.

C

2R

p (t)

L h

hR

Figure 1: A schematic view of the flow field.

The temporal area changes associated with the elastic tube
walls, although small for ε ≪ 1, induce a streamwise oscilla-
tory motion, dictated by

∂

∂x

(

∫

Ao(x)
udA

)

+
∂A

∂t
= 0, (4)

where u is the streamwise velocity. The above equation is
obtained by integrating the continuity equation

∇ · v = 0 (5)

across a given tube section. The relation between the induced
streamwise velocity u and the local pressure variations can be
obtained by using (2) in (4) to give

∂

∂x

(

∫

Ao(x)
udA

)

+
Ao

Ee

∂p

∂t
= 0 (6)

where the small temporal changes in A have been neglected
when writing A = Ao(x) as is appropriate for ε ≪ 1.
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The spinal canal is modeled as an annular canal with uniform elastic properties
bounded between two parallel circular cylinders whose radii differ by a small amount
hc and their axes are displaced by βhc
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√
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∫ t

0
v0(x̂0, t

′)dt′ ·∇v0(x̂0, t)

〉

; x̂0 = xi at τ = 0, (0.2)

Two-time scale analysis (t, τ = ε2t)

δv ∼ S|∇v0| ∼ S
uc

L
∼ εuc

δx ∼ δv ω−1 ∼ ε2L

ud ∼ ε2ωL ∼ ⟨u1⟩

dx

dt
= v(x, t); x = xi at t = 0. (0.3)

v(x, t) = (u, v, w) = v0(x, t) + εv1(x, t) + εv2(x, t) + · · ·

⟨v0⟩ = 1
2π

∫ 2π

0
v0 dt = 0
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h̄ = 1− β cos(2πs)
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bounded between two parallel circular cylinders whose radii differ by a small amount
hc and their axes are displaced by βhc
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Experimental setup

• Cranial vault  modeled as a tank  made of rigid plexiglass in 
which we impose a sinusoidal pressure pulsation with a 
peristaltic pump with frequency of 60 cycles/minute.

• Elastic outer cylindrical tube and rigid inner rod (concentric 
and eccentric)



Consistent with the measured magnitude of the 
dispersion velocity

TIME-AVERAGED LAGRANGIAN VELOCITY

CSF flow in the spinal canal

November 15, 2016

Abstract

Cerebrospinal Fluid (CSF) is secreted in the choroid plexus in the lateral sinuses of the brain and fills the subarachnoid
space bathing the external surfaces of the brain and the spinal canal. Absence of CSF circulation has been shown to
impede its physiological function that includes, among others, supplying nutrients to neuronal and glial cells and removing
the waste products of cellular metabolism. Radionuclide scanning images published by Di Chiro in 1964 showed upward
migration of particle tracers from the lumbar region of the spinal canal, thereby suggesting the presence of an active bulk
circulation responsible for bringing fresh CSF into the spinal canal and returning a portion of it to the cranial vault.
However, the existence of this slow moving bulk circulation in the spinal canal has been a subject of dispute for the last
50 years. To date, there has been no physical explanation for the mechanism responsible for the establishment of such a
bulk motion. We present a perturbation analysis of the flow in an idealized model of the spinal canal and show how steady
streaming could be responsible for the establishment of such a circulation. The results of this analysis are compared to
flow measurements conducted on in-vitro models of the spinal canal of adult humans.

uc = εωL ∼ 1 cm/s (1)

εuc = ε2ωL ∼ 1 cm/min (2)

pc(t) = po +∆p cos(ωt), (3)

∆p

Ee
= ε ∼

δV

V
∼

1 ml

50 ml
≪ 1, (4)

h/ho = 1− β cos θ (5)

∂v

∂t
+ v ·∇v = −∇(p′/ρ) + ν∇2

v (6)

α2 =
ωh2

ν
∼

O(∂u/∂t)

O(ν∇2u)
∼ 1 (7)

O(∂u/∂t)

O(v ·∇u)
∼ ωL/uc = ε−1 ≫ 1 (8)

δp′ ∼ ρucωL ∼ ρε(ωL)2 (9)

δp′/∆p = k2 =
(Lω)2

Ee/ρ
=

(

L

ae/ω

)2

, with ae = (Ee/ρ)
1/2 (10)

ωt, x/L, y/ho, u/uc, v/(ucho/L), (p− pc)/δp
′ (11)

∂

∂x

[

1

π

∫ π

0

(

∫ h(θ)

0
udy

)

dθ

]

+
dpc
dt

+ k2
∂p′

∂t
= 0, pc(t) = cos t (12)

∂u

∂t
+ ε

[

∂u2

∂x
+

∂uv

∂y

]

= −
∂p′

∂x
+

1

α2

∂2u

∂y2
(13)

∂u

∂x
+

∂v

∂y
= 0 (14)

1

16 A. L. Sánchez and others

⟨u1⟩min ⟨u1⟩max

-1 0 1

x

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

β = 0

β = 0.25

β = 0.50

β = 0.75
η

00.20.40.60.81

⟨u
1
⟩

-0.1

0.1

0.3

0.5

0.7

0.9

x = 0

x = 0.25

x = 0.50

x = 0.75

η
0 0.2 0.4 0.6 0.8 1

⟨u
1
⟩

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

L

x
R

η
2πs

p=p (t)c

⇥
⇥

⇥
⇥

⇥
⇥

⇥
⇥
⇥⇥� ?

ho = 1� � cos(2⇡s)

Figure 4. Schematic view of the model geometry considered here (left-hand-side plot),
distribution of hu1i corresponding to k = 0.5, ↵ = 3, and � = 0.5 (central plots), and streamwise
variation of the maximum (downwards) and minimum (upwards) velocities for di↵erent values
of � (right-hand-side plot).

on k is shown in the right plot of figure 2. For small k, i.e. wave lengths that are much
larger than the canal length, the pressure along the canal is almost uniform, and the
dura membrane deforms uniformly in response to the pressure oscillations in the cranial
cavity, following (2.26), resulting in an entrance flow rate that is independent of the flow
conditions, so that the value of |QdP

0
/dx|x=0 for k ⌧ 1 is identical for all ↵. In the

opposite limit k � 1 the wave length is much shorter than the canal length, so that at
a given instant of time we find regions of positive and negative deformation of the dura
membrane along the canal, which tend to have a canceling e↵ect on the entrance flow
rate, reflected in the decrease of |QdP

0
/dx|x=0 for k � 1. An interesting result from the

model is that |QdP
0
/dx|x=0 reaches a maximum at an intermediate value of the wave

number k (i.e., k ' 1 for ↵ = 3), associated with elastic wave speeds (Ec/⇢)1/2 on the
order of !L.

Although variations of the eccentricity do not significantly alter the tidal volume
flux, the velocity fields associated with di↵erent values of � are very di↵erent, as seen
in the comparisons in figure 3, which exhibit the distributions of streamwise velocity
amplitude |u0| = |U | at di↵erent cross-sections and for varying eccentricities, including
the concentric case, � = 0. Although the analytical solution given above applies only
to configurations with hc ⌧ R, the width of the annular cross-section in the figure is
arbitrarily enlarged to facilitate visualization. As expected, the decelerating e↵ect of
viscous forces becomes more (less) e↵ective in regions of smaller (larger) canal width,
leading to the nonuniform velocity distributions depicted in the figure.

Steady streaming velocities hu1i, evaluated for k = 0.5 and ↵ = 3 from (4.5) with
dhp01i/dx computed using (4.7), are plotted in figures 4 and 5. The circular plot in figure 4
shows the distribution of hu1i for � = 0.5 and x = 0.25. Transverse profiles of hu1i across
the narrowest (s = 0) and widest (s = 1/2) sections are plotted below at di↵erent heights
for this same eccentricity. As can be seen, the resulting velocities are negative (upwards)
in the narrow part of the canal and predominantly positive (downwards) in the wider

Time frame evolution of fluorescent dye during 20 
minutes (compressed in 10 sec). Each frame in the 
movie is the florescence intensity averaged over 10 
images acquired every 0.1s (3s)
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FIG. 1. Sagittal T2 weighted MR image of the spine in subject 1 in supine position (A), diagram of the sagittal images 
(B), axial images (C), and diagrams of the images at selected locations along the spines (D), width of the spinal 
subarachnoid space projected onto a 2D plane obtained by unrolling the space (E), and 2D map of the width of the 
subarachnoid space after converting length and circumference to dimensionless units (F). Length of the canal (+) is 
the fraction of the distance between foramen magnum and the termination of the subarachnoid space. The azimuth 
location in the canal (-) is the fraction of the rotation clockwise from the anterior midline. The width of the 
subarachnoid space is greater anteriorly in the cervical region, and posteriorly in the thoracic region, consistent with 
the different degrees of spinal cord eccentricity. 
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FIG. 3. Streamlines for bulk (mean Lagrangian) flow of the CSF in the SSAS in subject 1 in supine position projected 
onto the 2D dimensionless plane with anterior midline subarachnoid space at - = 0 and posterior at - = 0.5. Higher 
density of streamlines near the posterior and anterior regions of the subarachnoid space indicate greater local bulk 
flow velocity. Bulk flow has multiple regions of patterns of circular flow where the fluid particles get trapped over 
long periods of time (Lagrangian vortices). Flow longitudinally in the subarachnoid space occurs in the anterior and 
posterior subarachnoid space. In the lateral subarachnoid space (- = 0.25 and - = 0.75), flow is horizontally oriented 
where streamlines are present, or essentially stagnant where streamlines are sparse. Subject 1 has three major pairs of 
Lagrangian vortices, one pair anatomically centered on C7, the second on T10, and the third one on L1. Smaller 
Lagrangian vortices are also present. Where vortices contact each other, the mean Lagrangian flow in the adjacent 
vortices is in the same direction. Direction of flow along the spinal axis depends on cord eccentricity (sketch to reader’s 
right). In the cervical region, bulk flow occurs in a cephalad direction in the anterior subarachnoid space and caudal 
direction in the posterior subarachnoid space. In the thoracic region, bulk flow occurs in a cranial direction in the 
anterior subarachnoid space and cephalad direction in the posterior subarachnoid space. These flow directions are 
reversed again in the third lumbar vortex pair with the CSF flowing caudocranially in the anterior wider space and 
craniocaudally in the posterior space. 
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Conclusions & future work

Our preliminary efforts to develop a patient-specific predictive tools for ITDD dispersion have revealed that the time-

averaged Lagrangian motion exhibits closed recirculating regions that depend on the subject anatomy and posture.

Connectivity between adjacent recirculating region may be a associated with enhanced diffusion by micro-anatomical 

features or buoyancy-driven motion resulting from small density differences between the drug and the CSF.
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